Abstract-A new method for designing non-uniform filterbanks for acoustic echo cancellation is proposed. In the method, the analysis prototype filter design is framed as a convex optimization problem that maximizes the signal to alias ratio (SAR) in the analysis banks. Since each sub-band has a different bandwidth, the contribution to the overall SAR from each analysis bank is taken into account during optimization. To increase the degrees of freedom during optimization, no constraints are imposed on the phase or group delay of the filters; at the same time, low delay is achieved by ensuring that the resulting filters are minimum phase. Experimental results show that the filter bank designed using the proposed method results in a sub-band adaptive filter with a much better echo return loss enhancement (ERLE) when compared with existing design methods.
I. INTRODUCTION
Non-uniform filter banks are of interest in speech processing applications since they can be used to exploit the perceptual properties of the human ear [1] . This important feature has been used in various speech processing algorithms such as speech enhancement, echo cancelation, and beamforming [2] , [3] , [4] . A well known and efficient technique to realize a nonuniform filter-bank is the all-pass transformed polyphase filterbank [2] , where the delay elements of the input and output delay chains are replaced by first-order all-pass filters. Such a structure is shown in Fig. 1 .
In echo cancelation, it is well known that aliasing in the subband signals caused by finite stopband attenuation influences the MMSE [5] . In [3] , a non-uniform filter-bank that minimizes aliasing during the analysis stage was developed for beamforming applications. In their method, the minimization of the aliasing power is carried out in the subband with the widest bandwidth. Though this may result in the lowest aliasing power for the widest subband, it is not optimal across all bands.
In this paper, a new filter bank optimization method that aims to maximize the overall SAR is proposed. The SAR characterizes the factor by which the error signal power can be reduced by adaptive filtering and is equivalent to the widely used ERLE quality measure [6] . Since each subband in a nonuniform filter bank has a different bandwidth, the SAR in each subband will be different. Consequently, to ensure that the overall SAR is maximized the contribution from each of the analysis banks, as well as the PSDs of the input signal, x(n), and the unknown system, s(n), are taken into account during optimization. Furthermore, to increase the degrees of freedom during optimization, no constraints are imposed on the phase or group delay of the filters. Experimental results show that a filter bank designed using the proposed method
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Analysis Bank Synthesis Bank Fig. 1 . The DFT-transformed non-uniform polyphase filter-bank results in a much lower ERLE when compared with existing design methods. The paper is organized as follows. Section II describes the non-uniform filter-bank implementation while Section III describes the subband adaptive filter. In Sections IV and V, the design of the analysis and synthesis prototype filters, respectively, are discussed. In Section VI, experimental results are presented to show the effectiveness of the proposed approach. Conclusions are drawn in Section VII.
II. THE NON-UNIFORM DFT FILTER BANK
The non-uniform filter bank in Fig. 1 is a generalization of the uniform DFT filter bank where the delay element, z −1 , is replaced by a first-order allpass filter, A(z), of the form
Using an M point DFT analysis bank, the transfer function, H i (z), and z-domain output signal, X i (z), of the ith analysis subband filter are given by
where h(n) is the analysis prototype filter, X(z) is the zdomain input signal, D is the downsampling factor, and W M = e −j2π/M is the complex modulating factor. The corresponding synthesis bank is an M point inverse-DFT, with the ith synthesis subband filter given by
where g(n) is the synthesis prototype filter. The overall inputoutput relationship for the analysis-synthesis system can be expressed as 
As such, by replacing the delay element z −1 by the all-pass filter A(z), the frequency response of the filter at frequency ω is mapped into frequency Ω, given by [7] 
Consequently, the ith subband filter H i (z) will lie between frequencies
and
and Ω
(i)
h can be obtained by solving for x using a simple line search optimization algorithm given by minimize φ(ω
where x is the optimization variable. In Section III, frequencies
h will be used as integration limits when computing the aliasing power in the subband filter H i (z).
III. THE SUB-BAND ADAPTIVE FILTER
In Fig. 2 the sub-band adaptive filter structure is shown. As can be seen the input signal x(n) and desired signal d(n) are split into M subbands by analysis filter banks. The resulting subband signals x i (m) and d i (m) in the ith subband are adapted independently of the other subband signals. The resulting errors e i (m) from each of the subbands are then recombined to formed the fullband error signal e(n).
In most adaptive filtering applications, the signal x(n) is represented as a stochastic signal with known power spectral density (PSD) P xx . To characterize x(n) by a spectrum rather than a PSD we represent x(n) as the output of a source model F (e jω ) which is excited by a white noise signal u(n) of unit variance [6] . Using the spectral representation, the PSD of x(n) is given by
From Fig. 2 , the ith desired signal will be a combination of the unknown system S(e jω ), the subband filter H i (e jω ), and source model for the input signal F (e jω ) given by
A. Signal to Alias Ratio For the SAR in the ith subband we use the definition in [6] , which is the power ratio between d i (m) and the ith steady state error due to aliasing, given by
Equations (16) and (17) can be simplified if we exchange summation and squaring by ignoring the mixed product terms in the source model, which is justified if the unknown system is comprised of statistically independent frequency components [6] . Therefore, σ
Using (14), |L i (e jω )| 2 above can be expanded as
If P xx (e jω ) and the typical power spectrum of S(e jω ) are not readily available, we can simplify further by setting
IV. ANALYSIS FILTER BANK DESIGN
To design the analysis filter with no phase constraint, the square of the magnitude of the frequency response is used. To this end, from (2) we get
The magnitude-squared function in (22) can be further simplified as
where [·] gives the real part of a complex number. To get the minimum phase prototype filter h mp (k) given c(k), we use the property that any two filters having an identical magnitude response when A(z) = z −1 will have an identical magnitude response for any A(z); as such, we first compute the real cepstrum, κ(n), ofĤ 0 (e jω ) = H 0 (e jω ) | A(z)=z −1 using the expression
and then compute h mp (k) from κ[n] by taking the inverse cepstrum [8] .
A. The Optimization Problem
The prototype filter is designed by minimizing the SAR across all of the analysis subbands. To this end, we solve the optimization problem:
with the prototype filter-magnitude coefficients as the optimization variables. Since the subbands are symmetric about M/2, only subbands up to M/2 are needed in the optimization. To obtain the global minimum, we frame the optimization as a convex optimization problem, which is done by ensuring that the cost function is convex, and the equality constraint is affine [9] .
By using the coefficients of the magnitude squared coefficients in (23) as the optimization variable and combining (19), (20), and (24) we can express the cost function in affine form, which is convex, as
where
In a similar manner, the left hand side of the equality constraint in (26) can be expressed in affine form as
Thus, we solve the following linear optimization problem:
subject to:
Once we obtain the optimal magnitude filter coefficients, c opt , we compute its cepstrum using (25) and then recover the minimum-phase filter coefficients, h mp (k), of the prototype filter.
V. SYNTHESIS FILTER BANK DESIGN
The transfer function T l (z) in (6) can be divided into two signal components, the desired signal component, T d , and the aliased signal component T a ; that is,
, and
The total aliasing power is the sum powers of the (D − 1) terms in (33) summed across the spectrum, which is given by
The synthesis filter is designed by minimizing the aliasing power, Υ, subject to the constraint that the magnitude of T d (e jω ) is unity; as a consequence, we solve the quadratic optimization problem: 
where g R M is the optimization variable, δ is a small positive number, and
T . The term δg T g in (36) is a regularization parameter that is introduced in case the matrix S is ill-conditioned; for example, this may happen when some of the coefficients in h(n) are 0.
VI. SIMULATION RESULTS
To show the effectiveness of the proposed method we compare it with two variants of existing methods: Method A and Method B.
For Method A, we design the prototype analysis filter using the method described in [3] , and the prototype synthesis filter using a modified optimization algorithm where the cost function in (34) is replaced with the one in [3] , given bŷ
Unlike the synthesis design algorithm in [3] , we do not impose any linear phase constraint in Method A, since it reduces the degrees of freedom during optimization thereby reducing the performance of the filter even further. For Method B, we design the analysis prototype filter by maximizing the SAR only for the subband with the largest bandwidth. The general optimization equation for obtaining the analysis filter design in Method B is given by minimize (σ
subject to: σ 2 M/2 = constant Method B essentially demonstrates the performance that can be attained when only the largest subband is considered, as was done in [3] , or when uniform filter bank design methods are employed. For the synthesis prototype filter design, we use the same optimization algorithm as in Section V.
We compare the proposed method with Method A and Method B by observing the ERLE performance in two nonuniform filter bank designs: VII. CONCLUSIONS A new method for designing non-uniform filter-bank for acoustic echo cancellation has been described. In the method, the analysis prototype filter is framed as a convex optimization problem that maximizes the SAR in the analysis banks. Since each subband has different bandwidth, the contribution to the overall SAR from each subband is taken into account during optimization. To increase the degrees of freedom during optimization no constraints are imposed on the phase of the filter. And to ensure low delay, the filter is constrained to be minimum phase. Experimental results show that the proposed method results in filter banks with superior ERLE when compared with those derived using existing methods.
